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Abstract
Let  be a Drinfeld module de1ned over a 1nite extension K of the rational function 1eld
Fq(T ), we show that the submodule (K ab)tors of all torsion points in the maximal abelian
extension K ab is in1nite if and only if  is of complex multiplication type over K . c© 2002
Elsevier Science B.V. All rights reserved.
MSC: 11G09
1. Introduction
Let K be a number 1eld, 7K be an algebraic closure of K, and Kab be the maximal
abelian extension of K in 7K. Consider an abelian variety R de1ned over K, let Rtors
denote the torsion subgroup of R and R(K)tors denote the torsion subgroup of R in K.
The Mordell–Weil theorem shows that R(K)tors is 1nite. Furthermore Yu G. Zarhin
[13] and Ruppert [6] have shown that for a K-simple abelian variety R over a number
1eld K; R(Kab)tors is in1nite if and only if R has complex multiplication over K, that
is, End(R)⊗Z Q is a number 1eld of degree 2dimR over Q. In this case, R( 7K)tors =
R(Kab)tors.
In this paper, we provide an analogous result for the torsion points of Drinfeld
modules. More precisely, let k = Fq(T ) be the rational function 1eld over a 1nite 1eld
Fq of q elements, where q is a power of some prime integer p. Let A=Fq[T ] and  be
a rank n Drinfeld A-module de1ned over a 1nite extension K of k which is regarded
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as an A-1eld of generic characteristic (see [2,3, Chapter 4], for general de1nition for
Drinfeld modules). Denote (K)tors to be the torsion submodule of  in K , that is,
(K)tors = {∈K |a() = 0 for some a∈A}. It is easy to see that (K)tors is 1nite
(see [5]).
Let End() = End 7K () be the ring of all endomorphisms of . We say that a
Drinfeld module  is of complex multiplication type if End() strictly contains A, and
End()⊗A k is a 1nite extension of k of degree n= rank(). Our aim is to prove the
following main theorem:
Main Theorem. The submodule (Kab)tors is in3nite if and only if  is of complex
multiplication type.
2. Preparations
In the proof of the main theorem, we need the following lemma which is purely
algebraic and can be proved by standard properties in linear algebra (see [6,13]). We
will recall the statement of this lemma brieGy as the following:
Lemma 1. Let V be a 3nite dimensional vector space over a 3eld F . Let C; S ⊆
EndF(V ) be F-subalgebras. Let U ⊆ V be a F-subspace such that U =0. We make
the following assumptions:
(a) C is a semisimple F-algebra.
(b) V is a free C-module.
(c) V is a semisimple S-module.
(d) C = EndS(V ); i.e. C is the commutant of S in EndF(V ).
(e) CU ⊆ U and SU ⊆ U .
(f ) The image of the (natural) ring homomorphism S → EndF(U ) is commutative.
Then there is a ring homomorphism C → 7F (where 7F means the algebraic closure of
F) and dimF(C) = dimF(V ).
Secondly, we will prove the following lemma for lack of a reference. Let C denote
the completion of the algebraic closure of the complete 1eld k∞ of k at ∞ = (1=T )
and [P] be the module of P-torsion points of the Drinfeld module . From now
on, without loss of generality, we may assume that K is as large enough such that
End() = EndK ().
Lemma 2. Let  be a Drinfeld module of rank n over C. Let the ring End() of
endomorphisms of  is of A-rank d6 n. Set D= End()⊗A k; which is a 3nite 3eld
extension over k. Then
(1) [P] is a free End() ⊗A A=(P)-module of rank n=d for almost all monic irre-
ducible polynomials P.
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(2) The dual Tate module VP() = TP()⊗AP kP is a free D ⊗k kP-module of rank
n=d for all P; where AP and kP are the respective completions of rings A and k
at P.
Proof. For this given Drinfeld module ; there is a lattice  ⊆ Cn such that the
A-module (C) is analytically isomorphic to Cn=. The module [Pl] of Pl-torsion
points of  is then isomorphic to (1=Pl)=; and the P-adic Tate module TP() ∼=
lim← (1=P
l)=: It is well-known that End() ∼= {∈C:  ⊆ } (see [2; Proposition
3.8]). Then  is an End()-module. Let D = End() ⊗A k and then we have that
⊗A k is a D-vector space. Comparing the dimensions over k; we get that ⊗A k has
D-dimension n=d.
(1) Since End() is an order in the 1eld D; that is; End() has 1nite index in
the maximal A-order O of D. Let N ∈A be that index. Then N is a projective
End()N =ON -module of the right rank n=d (here ()N means localization). Hence
we have that [P] is a free End()⊗A A=(P)-module of rank n=d for almost all
monic irreducible polynomials P.
(2) Note that D is a 1eld of degree d over k and  ⊗ k is a D-vector space of
dimension n=d. Then it is obvious that Vp() ∼=  ⊗A kp ∼= ( ⊗A k) ⊗k kp is a
free D ⊗k kp-module of rank n=d.
3. The semi-simplicity of the Galois module [P]
Let P be a monic irreducible polynomial in A. Take G to be the image of Gal( 7K=K)
into Aut([P]) and R=A=(P)[G]. Analogous to the classical case for abelian varieties,
we will prove that [P] is a semisimple R-module and the endomorphism algebra of
the Galois module [P] is precisely End() ⊗ A=PA for all but 1nitely many primes
P. The main idea here follows the same lines as in [12] together with some results
developed in [1,9].
In [9], the author proved the 1niteness of K-isomorphism classes in each K-isogeny
class of Drinfeld A-modules over K which is similar to the classical one in [10,12].
Indeed, as corollaries to this theorem, we have the following lemmas:
Lemma 3. Let  be a Drinfeld A-module over K . Then there exists an element r in
A such that for each Drinfeld A-module  over K; isogenous to ; an isogeny →  
exists which can be inserted into a commutative triangle
Proof. By the result in [8]; the 1niteness of K-isomorphism classes in each K-isogeny
class of Drinfeld A-modules over K implies that there exists an isogeny f : →  
156 A. Li / Journal of Pure and Applied Algebra 176 (2002) 153–159
such that the degree of this f is bounded. Hence the kernel of f is a 1nite A-module
with the decomposition ⊕A=ai and |
∏
ai|∞ is bounded. Then there exists r ∈A such
that
∏
ai divides rA. Thus r is obtained.
The torsion submodule [P] can be viewed as a (R; End()⊗A=PA)-bimodule. Then
we have the following lemma:
Lemma 4. There exists a natural element r ∈A such that for each n∈A and Galois
submodule W ⊂ [n]; an isogeny u : →  exists such that r(W ) ⊆ u([n]) ⊆ W .
In particular; if polynomials n and r are relatively prime; then u([n]) =W .
Proof. Put  = =W and consider the following commutative diagram:
Since the preimage of  [n] in ( 7K) is equal to n−1W; we have that v( [n]) =W . By
Lemma 3 there exist r ∈A and a homomorphism % : →  with ker(%) ⊂ [r]. Put
u= v ◦ %∈End(). It is clear that %([n]) ⊆  [n].
In fact, we will prove that r(W ) = r(v( [n])) ⊆ v(%([n])) = u([n]): Let
x = v(y)∈ v( [n]) = W , where y∈  [n]; y = j(a); a∈ n−1W ⊆ ( 7K). Then r(x) =
r(v(y))=r(v(j(a)))=r(n(a))=n(r(a))=v(j(r(a)))=v( r(j(a)))=v( r(y)):
Write y=%(b); b∈( 7K). Then we have that r(x)= v( r(%(b)))= v(%(r(b))). Note
that r(b)∈[n]. Then we prove that r(W ) = r(v( [n])) ⊆ v(%([n])) = u([n]):
Hence
r(W ) ⊆ u([n]) ⊆ W:
If this u is a constant morphism, then replacing u by u + mn for some m∈A, we
may assume that u is an isogeny. Therefore, the proof is now complete.
Together with the above two lemmas, we have the following proposition:
Proposition 1. For all but 3nitely many primes P ∈A; [P] is a semisimple Ga-
lois module and the endomorphism algebra of the Galois module [P] is precisely
End()⊗ A=PA.
Proof. Similar to the classical case ([11; 3.2; 3.4]); 1rst; it is easy to see that for
almost all primes P the A=PA-algebra End()⊗ A=PA is semisimple. Since all orders
are commensurable; it is suMcient to restrict ourselve to the case that End()=O is a
maximal order in the 1eld D=End()⊗A k. Let P be unrami1ed in D. Then we have
that End()⊗A=PA ∼= O⊗AP=(P) ∼= ⊕B|P(OB=B); where OB means the maximal order
in DB. This implies that for almost all primes P the A=PA-algebra End()⊗ A=PA is
semisimple.
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Let P be a monic irreducible polynomial such that End()⊗ A=PA is a semisimple
A=PA-algebra and P is relatively prime to r which is given in above lemmas. Let
f∈EndR([P]). Consider the graph f of endomorphisms of the Galois module [P]
lying in [P]× [P], that is, f = {(a; f(a)) | a∈[P]}. For i = 1; 2, let pi :( 7K)×
( 7K)→ ( 7K) be the natural projections and qi :( 7K)→ ( 7K)× ( 7K) be the natural
imbeddings. Applying the above result given by Lemma 4 to the A-modules ( 7K) ×
( 7K), there is an element u in the matrix ring M2(End()⊗A=PA) such that u([P]×
[P]) = f. Note that ker(p1 ◦ u) ⊆ ker(p2 ◦ u). Under assuming the semi-simplicity
of End()⊗A=PA, we have that there exists an element g∈M2(End()⊗A=PA) such
that q2 ◦ p2 ◦ u = g ◦ q1 ◦ p1 ◦ u. Then we have that f = p2 ◦ g ◦ q1 which lies in
End() ⊗ A=PA. Then we have that the endomorphism algebra of the Galois module
[P] is precisely End()⊗ A=PA.
Let W be any Galois submodule of [P]. By Lemma 4, for any Galois submodule
W in [P], there exists v∈End()⊗ A=PA such that v([P]) =W . Let I be the right
ideal in End()⊗ A=PA generated by v. Since End()⊗ A=PA is semisimple, there is
then an idempotent e which generates I . Therefore, e([P])=W and [P]=e([P])⊕
(1 − e)[P] = W ⊕ (1 − e)[P] as Galois submodules. Hence [P] is a semisimple
Galois module.
4. The proof of the main theorem
Let  be a rank n Drinfeld A-module de1ned over a 1nite extension K of k=Fq(T ).
Assume that the submodule (Kab)tors is in1nite. Denote [P] ∩ Kab by [P](Kab).
Then there are two possible cases:
(a) There are in1nitely many monic irreducible polynomials P such that [P](Kab) =0.
(b) There is a monic irreducible polynomial P such that
⋃
l¿1 [P
l](Kab) is in1nite.
We will consider the two cases separately and deduce in each case that  is of
complex multiplication type (or so-called singular).
Case (a): Assume that there are in1nitely many monic irreducible polynomials P
such that [P](Kab) =0.
Let F = A=PA and V = [P] which is a F-vector space of dimension n. Let C =
EndK ()⊗A(A=PA) with dimF(C)=d. C can be viewed as a F-subalgebra of EndF(V ).
Let GK be the Galois group of 7K=K and G be the image of GK into Aut([P]).
Set S = F[G] ⊆ EndF(V ). Let U = [P](Kab) =0 for in1nitely many P. Thus U is
C-invariant and S-invariant. Also the image of S → EndF(U ) is commutative. By
Proposition 1, we may get a suitable prime P such that the above conditions hold and
also such that V is a semisimple S-module and C=EndS(V ). Therefore by Lemma 1,
we have that dimF(C) = dimF(V ) (that is, d= n). This implies that  is of complex
multiplication type.
Case (b): Assume that there is a monic irreducible polynomial P such that
⋃
l¿1 
[Pl](Kab) is in1nite.
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Write F = kP , the completion of k at P; V = VP() = TP() ⊗AP kP , and C =
EndK () ⊗A kP which is a F-vector space on EndF(V ). By Lemma 2 we have that
V is a free C-module of rank n=d for this P. Note that C is a semisimple F-module.
Set G to be the image of the Galois group Gal( 7K=K) in Aut(V ) and S = F[G] ⊆
EndF(V ). V is a semisimple S-module (see [7]) and C is the commutant of S in
EndF(V ) (see [8]). De1ne U ′ = {(.l)l¿1 ∈TP(): K(.l) ⊆ Kab, for all l¿ 1}, where
TP() = {(.1; .2; : : :): .i ∈[Pi]; P(.i+1) = .i}. Set U = kPU ′, which is a kP-vector
space. It is clear that CU ⊆ U; SU ⊆ U , and the image of S → EndkP (U ) is abelian.
By assumption, U =0. Hence by Lemma 1, we have that dimF(C) = dimF(V ) and
there exists a ring homomorphism EndK () ⊗k kP → 7kP . This implies that  is of
complex multiplication type.
Conversely, suppose that  is of complex multiplication type, that is, D=End()⊗Ak
is a 1eld extension over k which is of dimension n. Then by Lemma 2 we have that
VP() ∼= D⊗k kP for all P. Let G be the image of Gal( 7K=K)→ Aut(VP()). Note that
G is compatible with endomorphisms. Then G ,→ (EndK ()⊗ kP)∗ ∼= (D⊗ kP)∗. Thus
G is abelian. It implies that K(
⋃
l¿1 [P
l]) ⊆ Kab for all monic irreducible polynomials
P in A. Therefore, (Kab)tors is in1nite.
5. Concluding remarks
(1) Let X be a smooth, projective, geometrically connected curve over a 1nite 1eld
Fq and ∞∈X be a 1xed closed point. We set k to be the function 1eld of X and
A ⊂ k to be the ring of functions regular outside ∞. Let K be a 1nite extension
of k which is regarded as an A-1eld of generic characteristic.
For general aMne rings A and general Drinfeld A-modules over K , the main
result here also holds.
(2) Suppose that E is an elliptic curve de1ned over a number 1eld K and E is not
of CM-type. Then there is a well-known result of Serre: The natural map
Gal( 7K=K)→
∏
AutZl(Tl(E)) has open image:
If one could prove a similar result for Drinfeld modules, then the main theorem here
would be a corollary. Such a strong generalization is not known, but Richard Pink has
proven a substantial theorem along these lines (see [4]).
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